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Abstract
Regularmapsonnon-orientable surfaces are consideredwith particular reference to the properties of inner reﬂectors, corresponding
to symmetries of the 2-fold smooth orientable covering which project onto local reﬂections of the map itself. An example is given
where no inner reﬂector is induced by an involution, and the existence of such involutions is related to questions of symmetry of
coset diagrams for the symmetry group of the map.
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1. Introduction
We begin with a few deﬁnitions. A surface is a compact, connected 2-manifold without boundary. A map is an
embedding of a connected graph (or multigraph) on a surface so that the faces—the regions bounded by arcs of the
graph—are simply connected.A ﬂag is an incident vertex-edge-face triple (v, e, f ), whichmay be viewed geometrically
as a triangle with corners at the vertex v, the mid-point of the edge e, and the centre of the face f.
Locally, such ﬂags have two different orientations, depending on whether the face f lies to the ‘left’ or ‘right’ of
the arc (v, e), as described in [8]. Flags may be coloured ‘red’ and ‘white’ recursively, starting from a given root ﬂag,
according to their local orientation. If the surface is orientable, then exactly half of the ﬂags will be coloured red and
the other half (the neighbours of red ﬂags) will be white, while if the surface is non-orientable, then every ﬂag will be
coloured both red and white.
A symmetry of amap is a homeomorphismof the surface onto itselfwhich preserves themap structure, or equivalently,
a permutation of the ﬂags which preserves incidence. Under composition the symmetries of a map M form a group,
which is usually denoted by Aut(M).
A map is ‘regular’ provided that it has a large group of symmetries. Such maps have been the subject of investigation
by many authors; see for example [1,3,5,7–11] and references therein. There are two kinds of regular maps, namely
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rotary maps and reﬂexible maps, and there two deﬁnitions—one topological and one combinatorial—for each kind of
regularity:
Deﬁnition. A map M is rotary if for some ﬂag (v, e, f ), the group Aut(M) contains symmetries R and S which act
as single-step rotations, respectively, about the face f and the vertex v, and a rotary map is reﬂexible if it also has a
symmetry X which ﬁxes f and v while interchanging e with e′, where e′ is the other edge of f incident with v.
Deﬁnition. A map M is rotary if all red ﬂags of M lie in the same orbit of the group Aut(M)—and then all white ﬂags
of M lie in one orbit as well. A map M is reﬂexible if Aut(M) is transitive on the set of all ﬂags of M.
If M is a rotary map, then the group Aut+(M) generated by the symmetries R and S is called the rotation group of
M. Note that these generators satisfy the relation (RS−1)2 = 1. Conversely, any group G generated by two elements R
and S such that RS−1 has order 2 can be shown to be the rotation group of some orientable rotary map M; see Lemma
1 of [8] for an explicit construction of the map M from the group G.
Also note that for a reﬂexible map, the symmetries X and R together generate a dihedral group, the stabilizer of the
face f from the given ﬂag (v, e, f ). In this dihedral group, the conjugate of R by X isR−1, and similarly, the conjugate of
S by X is S−1. Hence if M is reﬂexible, then conjugation by X is an automorphism  of Aut+(M) such that (R)=R−1
and (S) = S−1. We call such an automorphism  a reﬂector. Observe that the converse holds as well: if M is rotary
and Aut+(M) has a reﬂector, then M is reﬂexible.
2. Inner reﬂectors
In this paper, we are particularly interested in non-orientable maps and their 2-fold smooth orientable coverings.
Here are some of their features:
(a) A non-orientable rotary map M must be reﬂexible, with Aut(M) = Aut+(M); hence every reﬂector  is an inner
automorphism of Aut+(M).
(b) The 2-fold smooth orientable covering 2M of a non-orientable regular map M is reﬂexible, and it follows from
the proof of this fact in [11] that Aut+(2M)Aut+(M) = Aut(M); hence if  is the projection of 2M onto M,
then  can also be considered as a homomorphism from Aut(2M) onto Aut(M), such that the restriction of  to
Aut+(2M) is an isomorphism.
Now let W be the unique element of Aut+(2M) such that (W)=X. Then W has order 2, and conjugation by W is a
reﬂector in Aut+(2M). It is known that the existence of such an involution (inducing an inner reﬂector) is characteristic
of 2-fold smooth orientable covers of non-orientable maps:
Theorem. Let M be an orientable rotary map of negative Euler characteristic. Then there exists a non-orientable
regular map N such that M is the 2-fold smooth orientable covering of N, if and only if the rotation group Aut+(M)
contains an involution W , conjugation by which inverts each of the generators R and S of Aut+(M).
This theorem appears as Lemma 2 in [1] and a more detailed version was proved in [9], however we give our own
proof below.
Proof of Theorem. One part is easy: by earlier comments, if M = 2N then there exists an inner reﬂector induced by
an involution W in Aut+(M).
To prove the converse, suppose Aut+(M) has an inner reﬂector induced by an element W of order 2. Then M is
reﬂexible, so Aut(M) contains an element X as described in the deﬁnition of reﬂexible maps. Now let U = WX. Then
RU = RWX = (R−1)X = R and SU = SWX = (S−1)X = S, so U centralizes both R and S and hence all of Aut+(M).
In particular, U commutes with W, and so U commutes with X = UW . Thus U centralizes all of Aut(M). But further,
1 = X2 = (UW)2 = U2W 2 = U2, so U is an involution. Next, since W is in Aut+(M) it preserves orientation in M,
while clearly X reverses orientation, hence the central involution U = WX also reverses orientation. It follows that
the map N = M/〈U〉 derived from M by identifying each ﬂag with its image under U is a non-orientable regular map
M. Conder, S. Wilson / Discrete Mathematics 307 (2007) 367–372 369
with symmetry group Aut(N) = Aut(M)/〈U〉. It remains only to show that the projection is smooth, which amounts
to showing that U lies in neither 〈X,R〉 nor 〈X, S〉. But M has negative characteristic, so the symmetries R and S both
have order at least 3. Accordingly, no orientation-reversing element of the dihedral group 〈X,R〉 commutes with R, so
U /∈ 〈X,R〉. As a similar argument holds for S, this completes the proof. 
We call an orientable map M antipodal if there exists at least one non-orientable map N such that M = 2N . This
notationwas also adopted in [9].We can then restate the above theorem as follows: an orientable rotarymap is antipodal
if and only if its rotation group has an inner reﬂector induced by an element of order 2. The last few words here are
important. In [9] Nedela and Škoviera use the term algebraically antipodal to describe a map M that has an inner
reﬂector. In the next section, we describe an example that shows not every algebraically antipodal map is antipodal.
3. Non-involutory reﬂectors
Suppose Aut+(M) has an inner reﬂector induced by an element W which is not an involution; might or must M still
be antipodal? If the order of W is 2k where k is odd, then Wk satisﬁes the hypothesis of the theorem, and so M = 2N
for some N. But if W has order divisible by 4, then this is not always the case, as is shown by the example below.
(Incidentally, this example reveals a small error in the proof of Theorem 2 in [10]: not every inner automorphism of
order 2 is induced by an element of order 2; however with minor rewording the proof holds and the theorem remains
valid.)
Example. In the group GL(4, 3) of all invertible 4 × 4 matrices over Z3, let G be the subgroup generated by the
following two matrices:
R =
⎛
⎜⎝
0 1 0 −1
−1 0 1 1
0 −1 0 −1
1 −1 1 0
⎞
⎟⎠ and S =
⎛
⎜⎝
0 1 0 −1
−1 0 1 1
1 0 −1 1
0 −1 1 1
⎞
⎟⎠ .
It is easy to check that RS−1 has order 2, so G is the rotation group of some orientable rotary map M. To ﬁnd all
W ∈ GL(4, 3) such that W−1RW = R−1 and W−1SW = S−1, rewrite these two equations as RWR − W = 0 and
SWS − W = 0; solving them gives the only solutions (over Z3) as
W1,W2 = ±
⎛
⎜⎝
1 0 −1 −1
0 1 0 −1
−1 1 −1 0
0 −1 0 −1
⎞
⎟⎠ .
Each solution has order 4, its square being −I4. Also multiplication in GL(4, 3) yields W1 = (S2R3)2, so conjugation
by W1 is an inner reﬂector. No such inner reﬂector in G= 〈R, S〉 is induced by an element of order 2, however, and so
the map M is not antipodal. (Still, the map M is reﬂexible, with symmetry group having twice the order of G, and is a
4-fold covering of the non-orientable map L = M/〈W1〉; also 2L = M/〈−I4〉.)
4. Mirror symmetries of coset diagrams
The observations above have an interesting connection with the coset diagrams associated with regular maps. A
coset diagram (or Schreier coset graph) is a graphical representation of the action of a transitive permutation group
on some set; see [7]. In the proof of the theorem in Section 2, let T = RS−1, so that T has order 2, and R = T S and
S = T R. A coset diagram for any transitive permutation representation of the group Aut+(M) = 〈R, S〉 = 〈T ,R〉 may
be constructed in the following way: draw a solid-line polygon oriented clockwise for each cycle of R, and join the
points of each 2-cycle of T by a thin line.
For instance, the transitive action R → (1, 2, 3)(4, 5, 6), T → (3, 4)(6, 7) gives rise to the diagram in Fig. 1.
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Fig. 1. A coset diagram.
Fig. 2. A reversible diagram.
Fig. 3. Another reversible diagram.
Fig. 4. A reﬂexible drawing of the diagram in Fig. 3.
The coset diagram has interesting relationships with the map. For example, if the action is faithful and the diagram
has a mirror symmetry, then the map M is reﬂexible. The converse is deﬁnitely not true, however; for instance, the
diagram above has no mirror symmetry, yet it is a coset diagram for the rotation group of the map {3, 7}8, which is
known to be reﬂexible.
To make these relationships more clear, let us say the diagram is reversible if it has an automorphism which reverses
the direction of each cycle of the permutation induced by R, and reﬂexible if the diagram can be arranged with respect to
some axis so that the reversing automorphism acts like reﬂection in this axis. Essentially, the latter requires the reversal
to have order 2.
For example, the diagram in Fig. 2 is reversible but not reﬂexible, as the only reversing automorphism corresponds
to a motion of order 4 which moves each square to the next in line around the ﬁgure (clockwise or anticlockwise).
On the other hand, the diagram inFig. 3 does not look reﬂexible, but it is, as it can be re-drawn as in Fig. 4. In this partic-
ular exampleT → (1, 5)(2, 8)(3, 9)(6, 10)whileR → (1, 2, 3, 4)(6, 7, 8, 9), so thatS → (1, 5, 2, 9, 4)(3, 6, 10, 7, 8).
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Fig. 5. A modiﬁed diagram of the action in Fig. 4.
At this stage we may introduce an alternate diagram, formed from the standard one by turning each cycle of R back
one half-step, so that the thin lines for the action of T come to the centre of each edge. For the last example above, the
modiﬁed diagram is drawn in Fig. 5.
In the reﬂexible case, this modiﬁed diagram has the pleasant additional feature of allowing the permutations induced
by both S and a reﬂector to be read directly from it. In the above example, conjugation by the reﬂective symmetry
(1, 7)(2, 6)(3, 9)(4, 8)(5, 10) inverts the permutations induced by R and S, and therefore corresponds to a reﬂector,
while the symmetry (1, 6)(2, 9)(3, 8)(4, 7)(5, 10) which reverses Fig. 4 does not.
Clearly there may be several diagrams possible for each group, indeed one for each equivalence class of (faithful)
transitive permutation representations, but this relationship is quite general: the coset diagram is reversible if and only
if there exists a permutation of its vertices which conjugates the permutations induced by R and S to their inverses, and
if this is true, then of course the associated map must be reﬂexible. Further, the diagram is reﬂexible if and only if this
conjugating permutation is an involution.
For antipodal maps, we can say even more: since the reﬂector is always inner, no matter which permutation repre-
sentation of the group is depicted there will always be an element of order 2 conjugation by which inverts R and S, and
so we have the following:
Theorem. Every coset diagram for an antipodal map has mirror symmetry.
The converse is again false, and the subgroup of GL(4, 3) studied earlier provides a counter-example. To see this,
note that every coset diagram on (say) k vertices corresponds to a conjugacy class of subgroups of index k in the group,
and for any such subgroup H, the effect of the generators R and S on these vertices is equivalent to the action of R and
S by (right) multiplication on right cosets of H. In the GL(4, 3) example, representatives of all 64 conjugacy classes of
subgroups of G can easily be determined—with the help of the MAGMA computer system [2] for instance—and it can
be checked that every diagram for G does indeed have a mirror symmetry. As noted earlier, however, the associated
map M is not antipodal.
5. Closing remarks
A signiﬁcant open problem is the determination of the spectrum of genera of non-orientable surfaces that carry some
regular map. One reason for the difﬁculty of this problem is the relative lack of understanding of inner reﬂectors.
Nevertheless, quite a lot is known.A group-theoretic construction was used in [6] to prove that this spectrum contains
over 77.5% of all positive integers. Breda and Wilson [4] have proved that there are no regular maps on non-orientable
surfaces of genus 18, 24, 27, 39 or 48 (that is, with negative Euler characteristic 16, 22, 25, 37 or 46), and similar
methods can be used to show there are none of genus 87 (Euler characteristic −85). Also all non-orientable regular
maps of genus 2–30 (negative Euler characteristic 0–28) have been determined with the help of a computer program
to ﬁnd all normal subgroups of up to a given index in a given ﬁnitely-presented group; see [5].
Recently, Breda et al. [3] have proved that there are inﬁnitely many gaps in this genus spectrum—and speciﬁcally,
that for every prime p of the form 12k + 1 for k > 1, there exists no non-orientable regular map of genus p + 2. (A
sporadic example of genus 15 exists in the case p = 13.)
Many questions relating antipodality, inner reﬂectors and diagrams remain. For example: given a single coset diagram
for Aut+(M) which has a mirror symmetry, how can we decide if M is antipodal?
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